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Composites in the Ulam Spiral

In 1963, Stanistaw Ulam plotted the natural numbers in a rectilinear spiral array
and observed that prime values in the resulting Ulam spiral tend to cluster on
certain diagonal lines (this phenomenon can be explained with the Bateman—
Horn conjecture). On the other hand, we claim that the Ulam spiral contains
arbitrarily large square patches consisting entirely of composite numbers.

Suppose that fi, fa, ..., fr € Z[z] are nonconstant with positive leading co-
efficients. If f;(0) = O for some 4, then f;(n) is composite if n € N is com-
posite. Without loss of generality, suppose that f;(0), f2(0), ..., fx(0) # 0 and
let ¢ = lem{ f1(0), f2(0), ..., fx(0)}. Then f;(j¢) = f:(0) =0 (mod f;(0))
fori =1,2,...,kand j € N.If j € Nis sufficiently large, then f;(j¢) > f;(0)
and hence f;(j¢) is composite (it has f;(0) as a proper divisor).

Observe that the nth element on the diagonal ray 1,9, 25,49, . .. in the Ulam
spiral is (2n — 1)2. The d x d block in the Ulam spiral with (2n — 1)? as its
upper-left corner is the matrix A(n) given by

(2n —1)? @2n+1)2+1 o (2(n+d)—3)2 4+ (d—1)
2n+1)2 -1 (2n +1)? o (2(n+d) —3)2+(d—2)
(2(n+d)—$)2—(d—1) (2(n+d)—$)2—(d—2) (2(n + d) — 3)2

Since this is an array of nonconstant polynomials with positive leading coeffi-
cients, there exists an m € N such that each entry of A(m) is composite. Thus,
the Ulam spiral contains arbitrarily large square patches of composite numbers.

1?7— 1961951941183 192181 190189188187 186185184183
198 145144143142 1411401138 138|137 136135134133 182
1+9 146 1?1— 100—99—981 87 969594 —93—92—91 132 1+1

200 147 102 65646362 61 60189 5857 90 1%1 180

201 148 1+3 66 % 3635343332 ﬁ1 56 B% 130 1*9
202 1+9 104 %7 38 1’7— 16—15—14 41? 30 55 88 129 178
203 150 105 68

39 18 ?74:1 12 # 54 87 128 177
204 1%1 106 69 40 1# 6 1 1’1 28 #3 86 1%7 176

205 152 1+7 70 4{1 20 ;— 8 9—10 27 52 85 126 175
206 153 108 7‘1 42 2122128 242526 51 84 125 174
207 154 1+B 72 4%— 444546 47 484950 + 124 1*3
208 155 110 # 74—75—76—77 78 79 | 808182 123 172
209 156 11112448 11411516117 118 119120121122 171
210 1&7— 158—159—160—161162 163 164165166167 168169170

2*—1— 212-213-214-215-216 217218219220 221222 {223 224 225
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